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1. INTRODUCTION
In this paper we consider the existence of multiple solutions for the
following quasilinear elliptic equation:
< < qy2 < < p
Uy2 NyD u s a k x u u q b h x u u , x g R .  .p 1 .
1, p N u g D R , .
U  .where 1 - p - N, p [ Npr N y p is the critical Sobolev exponent,
U  . s N . U  U .  .  N .1 - q - p , k x g L R with s s p r p y q , h x g C R l
` N . 1, p N .L R , a and b are real parameters, D R is the completion
` N . 5 5  p41r pNof C R with respect to the norm u s H N =u N and D u [0 R p
 py2 .div N =u N =u is the p-Laplacian.
1, p N .  .  . 1, p N .We say u g D R is a weak solution of 1 if ;¨ g D R
< < py2 < < qy2 < < p
Uy2
=u =u ? =¨ s a k x u u¨ q b h x u u¨ . .  .H H H
N N NR R R
 .  .Notice that 1 always has the trivial solution u s 0. Solutions of 1
1, p N .correspond to critical points of the ``energy'' functional I : D R ª R
given by
1 a b Up q p< < < < < <I u [ =u y k x u y h x u . 2 .  .  .  .H H HU
N N Np q pR R R
1, p N . pU  N .Since D R is not compactly embedded in L R , I does not in
general satisfy the Palais]Smale condition. This causes serious difficulties
in the search of critical points of I by standard variational methods. The
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 . 1, p .existence of nontrivial solutions to equations like 1 with u g D V ,0
where V is a domain in RN, has been studied since the celebrated paper of
w x w x w xBrezis and Nirenberg 6 . We refer to the recent paper 14 , the book 19 ,Â
and the references therein for the case p s 2 in both bounded and
U w xunbounded domains. When p / 2, p F q - p , we refer to 1, 7]10 for
w xthe case of bounded V and to 3, 15, 17 for the case of V unbounded or
N  .  .equal to R . When p ) 1, 1 - q - p and k x s b h x ' 1, Azorero et
w xal. have shown in 1, theorem 4.5 that if a ) 0 is small enough and V is
 . 1, p .bounded, then there exist infinitely many solutions of 1 in D V0
 .  .which satisfy I u - 0. In this paper we show a similar result for 1 with
V s RN; see Theorem 1 for the details. It is not clear whether this result is
true for large a even if the domain is bounded because of the problem
 w x.with the Palais]Smale condition see 1 . On the other hand, inspired by
w x  .  .5 , we prove that if k x and h x satisfy suitable symmetry conditions,
then the Palais]Smale condition holds for all a ) 0. Consequently, under
such assumptions the result mentioned above remains true for every a ) 0
 .and b g R see Theorem 2 ; we also show the existence of infinitely many
 . solutions for 1 with positive energy for every b ) 0 and a g R see
. wTheorem 3 . These two results were showed by Bartsch and Willem 2,
xTheorems 1 and 2 under the assumptions that V is bounded, p s 2,
 .  .k x s h x ' 1 and the nonlinearities are subcritical. Recently Tshinanga
w x w x18 obtained results similar to 2 for p s 2, unbounded domains, special
 .  .k x , h x and subcritical nonlinearities. Let us finally remark that in the
symmetric case our result on the existence of solutions with positive energy
holds both for 1 - q - p and for p - q - pU.
 .2. PRELIMINARIES AND THE PS -CONDITIONc
1, p N .Throughout this paper we always denote D R by X and weak
5 5  r41r r X  .Nconvergence by ``© .'' Denote u [ H N u N and r [ rr r y 1 .r R
 .   .4  .  .For a function f , let f x [ max 0, f x and f ` [ lim sup f x .q < x < ª`
 .  .  . qNPROPOSITION 1. i The functional F u [ H k x N u N is well definedR
and weakly continuous on X. Moreo¨er, F is continuously differentiable, its
deri¨ ati¨ e F X : X ª X U is gi¨ en by
X < < qy2 :F u , ¨ s q k x u u¨ 3 .  .  .H
NR
and maps weakly con¨ergent sequences to weakly con¨ergent ones.
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 .  .  . pUNii The functional G u [ H h x N u N is well defined on X.R
Moreo¨er, G is continuously differentiable, its deri¨ ati¨ e GX : X ª X U is
gi¨ en by
X U < < p
Uy2 :G u , ¨ s p h x u u¨ 4 .  .  .H
NR
and maps weakly con¨ergent sequences to weakly con¨ergent ones.
Proof. It is clear that F and G are well defined on X. In order to
1 .prove F, G g C X, R it suffices to show both F and G have continuous
Gateaux derivative on X. We consider only F since the proof for G isÃ
w xsimpler. Our argument is similar to that in 19, Lemma 3.10 . Let
 .  .u x , ¨ x g X and 0 -N t N- 1. Using the mean value theorem we obtain
 .l g 0, 1 such that
q q qy1< <u x q t¨ x y u x r t s q u x q l t¨ x ¨ x .  .  .  .  .  .
qy1F q u x q ¨ x ¨ x . 5 .  .  .  .
By Holder's inequality, we haveÈ
qy1 qy1
U U< < < < < < 5 5 5 < < < < 5 5 5w xk x u q ¨ ¨ F k u q ¨ ¨ , .H s p p
NR
U  U .  U .X  .where s s p r p y q s p rq . It follows from 5 and the Lebesgue
 .dominated convergence theorem that F is Gateaux differentiable and 3Ã
holds. Assume that u ª u in X. By the continuity of the embeddingn
pU  N . pU  N .  .  . qy2X ¨ L R , u ª u in L R . Let us define f u [ qk x N u N u.n
 pU  N .  pU .X N ..  w x.  .Then f g C L R , L R cf. 11, p. 30 . It follows that f u ªn
 .  pU .X N .f u in L R . Using Holder's and Sobolev's inequalities, we getÈ
X X
UXU 5 5 :F u y F u , ¨ F f u y f u ¨ .  .  .  .  . ppn n
XU 5 5F c f u y f u ¨ .  .  .p1 n
5 X . X .5 1 .for all ¨ g X. Hence, F u y F u ª 0 and F g C X, R .n
pU  N . q pU r q N .Let u © u. Since u g L R , N u N is bounded in L R ,n n n
 . qy2  pU .X N .  . pUy2k x N u N u is bounded in L R and h x N u N u inn n n n
 pU .X N .L R . Hence, going if necessary to a subsequence, we can assume
< < q p
U r q Nu © U in L R , .n 1
< < qy2  p
U .X Nk x u u © U in L R .  .n n 2
and
< < p
Uy2  pU .X Nh x u u © U in L R . .  .n n 3
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The proof of the weak convergence part will be complete if we show that
q  . qy2  . pUy2U sN u N , U s k x N u N u and U s h x N u N u. By the compact1 2 3
r  N . U .embedding theorem, u ª u in L R 1 - r - p . So going to an loc
 .  . Nsubsequence once more, we may assume that u x ª u x a.e. in R .n
Consequently, we have
q q Nu x ª u x a.e. in R , .  .n
qy2 qy2 Nk x u x u x ª k x u x u x a.e. in R .  .  .  .  .  .n n
and
U Up y2 p y2 Nh x u x u x ª h x u x u x a.e. in R . .  .  .  .  .  .n n
Uq qy2 p y2 .  .Therefore, U sN u N , U s k x N u N u and U s h x N u N u.1 2 3
It follows from Proposition 1 that the functional I is well defined on X
and has a continuous derivative given by
X < < py2 < < qy2 :I u , ¨ s =u =u ? =¨ y a k x u u¨ .  .H H
N NR R
< < p
Uy2y b h x u u¨ . .H
NR
 .  .Thus any critical point of I is a weak solution of equation 1 .
Recall that I is said to satisfy the Palais]Smale condition at the level
 . .  4  .c g R PS in short if any sequence u ; X such that I u ª c andc n n
X .I u ª 0 has a convergent subsequence.n
In order to find critical points of I we will establish conditions under
 .which PS holds. We will need the following result due to P. L. Lionsc
w x13 .
 4PROPOSITION 2. Let u ; X be a sequence such that u © u andn n
suppose N u N p
U © n , N =u N p © m in the sense of measures. Then theren n
exists an at most countable index set J such that
 . pa m GN =u N q  m d , m ) 0,jg J j x jj
 . pUb n sN u N q  n d , n ) 0,jg J j x jj
 . pr pUc m G Sn ,j j
where x g RN, j g J, d are the Dirac measures at x and S is the bestj x jj
Sobole¨ constant.
Recall that
< < p < < p
U
S [ inf =u ; u g X , u s 1 .H H 5N NR R
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Hence
5 5 U y1r p 5 5u F S u , ;u g X . 6 .p
w xIt is known from 13 that S is attained by the function
 .Nyp rp1r py1.«
Nu x s K , x g R .« pr py1.pr py1. /< <« q x
as well as all translates of u . Here « ) 0 is arbitrary and K is a constant«
5 5such that u s 1.«
PROPOSITION 3. Let 1 - q - p. Then
 .i ;b ) 0 there exists a ) 0 such that if 0 - a - a and c - 0,1 1
 .then I satisfies PS .c
 .ii ;a ) 0 there exists b ) 0 such that if 0 - b - b and c - 0,1 1
 .then I satisfies PC .c
 4Proof. Let u be a sequence in X such thatn
I u ª c - 0 and I X u ª 0. 7 .  .  .n n
Then for n large enough, we have
1 1 1 pX5 5 5 5 :c q 1 q u G I u y I u , u s y u .  .n n n n nU U /p p p
a a q< <y y k x u .H nU / Nq p R
1 a ap qyqr p5 5 5 5 5 5G u y y S k u .sn nU /N q p
 4It follows that u is bounded. We can assume, going if necessary to an
subsequence, that u © u in X. There exist measures m and n such thatn
 .  .  .a , b , and c of Proposition 2 hold. Let x be a singular point of thek
w xmeasures m and n . As in the paper 1 we define a function f g
` N w x.  .  .  . N  .C R , 0, 1 such that f x s 1 in B x , « , f x s 0 in R _ B x , 2«0 k k
 . N  4and N =f x NF 2r« in R . Then fu is bounded in X. Indeed, usingn
Holder's inequality, we haveÈ
prpU prN
Up p N< < < < < <u =f F u =fH H Hn n  / /N N .R B x , 2 « Rk
prpU
Up< <F c u ,H2 n / .B x , 2 «k
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where c is a constant independent of « , n, and k. Hence2
Uprp
Up p ppy1 < < < <= u f F 2 c u q =u , .H H Hn 2 n n /N N NR R R
 4  .and this implies that fu is bounded in X. It follows from 7 thatn
 X . :I u , fu ª 0, i.e.,n n
< < qa k x f u q b h x f dn y f dm .  .H H H
N N NR R R
< < py2s lim =u u =u ? =f .H n n n
Nnª` R
By Holder's inequality,È
 . 1rppy1 rp
py2 p p< < < < < <lim =u u =u ? =f F lim =u u =fH H Hn n n n n /  /N N NR R Rnª` nª`
1rpU1rp
Up p< < < <Fc u=f F c u ª 0 as « ª 0H H3 4 /  /N  .R B x , 2 «k
8 .
and we deduce
< < q0 s lim a k x f u q b h x f dn y f dm .  .H H H /N N N«ª0 R R R
 4s b h x n y m x ; .  .k k k
hence
 4b h x n s m x G m . 9 .  . .k k k k
This inequality says that the concentration of n cannot occur at points
 .  .  .where h x F 0; that is, if h x F 0, then m s n s 0. If h x ) 0, wek k k k k
 .get from c of Proposition 2 that either
 .i n s 0 ork
 . Nr pw  .xyN r p Nr p 5 5 .yN r pii n G S b h x G S b h .`k k q
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In order to obtain information about possible concentration at infinity
w xwe define, as in 5 ,
p< <m [ lim lim =u , 10 .H` n
Rª` < <x )Rnª`
Up< <n [ lim lim u . 11 .H` n
Rª` < <x )Rnª`
` N w x.  .Now we define a function x g C R , 0, 1 such that x x s 1 on
< <  . < <  .  . w x w xx G 2, x x s 0 on x F 1 and we set x x s x xrR . As in 5 or 3 ,R
we see that
p pp< < < <m s lim lim =u x s lim lim =u x ,H H` n R n R
N NRª` Rª`R Rnª` nª`
U UUp pp< < < <n s lim lim u x s lim lim u xH H` n R n R
N NRª` Rª`R Rnª` nª`
and
m G Sn pr p
U
. 12 .` `
Since
Uprp prN
Up p p Npy1 < < < < < <= u x F 2 =u q u =x .H H H Hn R n n R /  /N N N NR R R R
Uprp
Up ppy1 < < < <F 2 =u q c uH Hn 5 n /N NR R
 4for some constant c independent of R and n, u x is bounded in X. It5 n R
 .  X . :follows from 7 that lim I u , u x s 0, i.e.,nª` n n R
py2 q< < < <0 s lim =u u =u ? =x y a k x u x .H Hn n n R n R
N Nnª` R R
Up p< < < <yb h x u x q =u x . .H Hn R n R
N NR R
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Notice that
1rp
py2 py1 p< < 5 5 < <lim =u u =u ? =x F lim u u =xH Hn n n R n n R /N NR Rnª` nª`
1rpU
Up< <F c u ª 0 as R ª `H6  /< <R- x -2 R
  ..cf. 8 ,
Up< < 5 5lim lim h x u x F h n 13 .  .H `n R q `
NRª` Rnª`
and using the weak continuity of F,
q q< < < <lim k x u x F k x u ª 0 as R ª `. .  .H Hn R
N < <R x )Rnª`
Therefore
p5 5 < < 5 50 F b h n y lim lim =u x s b h n y m . 14 .` H `q ` n R q ` `
NRª` Rnª`
 .Hence we obtain from 12 that either
 .iii n s 0 or`
 . Nr p 5 5 .yN r piv n G S b h .`` q
 .  .We claim that ii and iv are impossible if a or b are chosen small1 1
enough. Indeed, it follows from the weak lower semicontinuity of the
 .  .norm, weak continuity of F, 6 and 7 that
1
X :0 ) c s lim I u y I u , u .  .n n nU /pnª`
1 1 1p q< < < <s lim =u y a y k x u .H Hn nU /N NN q pnª` R R
1 1 1 Sp q p q
U U U< < 5 5 5 5 5 5 5 5G =u y a y k u G u y a A u , 15 .H s p p pU /NN q p NR
 U .5 5where A s 1rq y 1rp k . This yieldss
5 5 Uq qr pyq.u F c a 16 .p 7
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 .  .  .  .for some constant c . If iv occurs, we obtain by 12 , 15 and 16 that7
1
X :0 ) c s lim I u y I u , u .  .n n nU /pnª`
1 1 1p q< < < <s lim =u y a y k x u .H Hn nU /N NN q pnª` R R
1 1p q pr pyq.U< < 5 5G lim lim =u x y a A u G m y c aH pn R ` 8
NN NRª` Rnª`
S 1U 1yNr ppr p pr pyq. Nr p 1yNr p pr pyq.5 5G n y c a G S h b y c a .`` 8 q 8N N
However, if b ) 0 is given, we can choose a ) 0 so small that for every1
0 - a - a the last term on the right-hand side above is greater than 01
which is a contradiction. Similarly, if a ) 0 is given, we can take b ) 0 so1
small that for every 0 - b - b the last term on the right-hand side above1
is greater than 0. By a similar argument, with x replaced by the functionR
 .f introduced earlier, we see that ii cannot occur if a or b are chosen1 1
properly. Hence n s n s 0 for all k g J and this implies thatk `
U U U Up p p p< < < < < < < <lim u s lim lim u 1 y x q u x s u . .H H H Hn n R n R
N N N Nnª` nª`Rª`R R R R
pU  N . pU  N .By the uniform convexity of L R we see that u ª u in L R . Onn
the other hand, it follows from Clarkson's inequality
< < sj y j2 1p p py2< < < < < <j G j q p j j ? j y j q C p , .  . syp2 1 1 1 2 1 < < < <j q j .2 1
N  .  wwhere j , j g R , s s 2 if p g 1, 2 and s s p if p G 2 cf. 12, Lemma1 2
x.4.2 , that
tr2p py2 py2< < < < < <=u y =u F c =u =u y =u =u ? = u y u . . 5n 9 n n n
1y tr2p p< < < <? =u q =u , 17 . .n
 .where t s p if p g 1, 2 and t s 2 if p G 2.
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 .In the case 1 - p - 2, it follows from 17 and Holder's inequality thatÈ
pr2
p py2 py25 5 < < < <u y u F c =u =u y =u =u ? = u y u . .Hn 9 n n n 5NR
1ypr2
p p< < < <? =u q =uH Hn /N NR R
pr2
py2 py2< < < <F c =u =u y =u =u ? = u y u . .H10 n n n 5NR
 X X :s c I u y I u , u y u .  .10 n n
< < qy2 < < qy2qa k x u u y u u u y u .  . .H n n n
NR
pr2
U Up y2 p y2< < < <qb h x u u y u u u y u . .  . .H n n n 5NR
Since
qy2 qy2< < < <k x u u y u u u y u .  . .H n n n
NR
5 5 5 5 Uqy1 5 5 Uqy1 5 5 UF k u q u u y u , .s p p pn n
U Up y2 p y2< < < <h x u u y u u u y u .  . .H n n n
NR
5 5 5 5 p
Uy1 5 5 p
Uy1 5 5 UF h u q u u y u .` pn n
pU  N .and u © u in X, u ª u in L R , it follows that u ª u in X. Then n n
 .argument via 17 in the case p G 2 is similar but simpler. This completes
the proof of Proposition 3.
3. EXISTENCE OF INFINITELY MANY SOLUTIONS
Let X be the Banach space in Section 2 and let E denote the class of
 4sets A ; X _ 0 such that A is closed in X and symmetric with respect to
 .the origin. For A g E , recall the genus g A is defined by
k  4g A [ min k g N; 'w g C A , R _ 0 , w x s yw yx . .  .  . 4 .
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 .If there is no mapping w as above for any k g N, then g A [ q`.
 w x.Below we list the main properties of the genus cf. 16 .
PROPOSITION 4. Let A, B g E. Then
 .  .  .18 If there exists an odd map f g C A, B , then g A F g B .
 .  .28 If A ; B, then g A F g B .
 .  .  .38 g A j B F g A q g B .
N  .48 If S is a sphere centered at the origin in R , then g S s N.
 .58 If A is compact, then g A - q` and there exists d ) 0 such that
 .   ..  .  .  5 5 4N A g E and g N A s g A , where N A s x g X ; x y A F d .d d d
 .Let I be the functional defined by 2 . Assume that 1 - q - p and
a ) 0, b ) 0. Since
1 a b Up q p< < < < < <I u s =u y k x u y h x u .  .  .H H HU
N N Np q pR R R
1 Up q p5 5 5 5 5 5G u y ac u y bc u ,11 12p
 . 5 5.I u G Q u , where
1 Up q pQ t [ t y ac t y bc t . . 11 12p
It is not difficult to see that given b ) 0 there exists a ) 0 so small2
 .that for every 0 - a - a we can find 0 - T - T such that Q t - 0 for2 0 1
 .  .0 - t - T , Q t ) 0 for T - t - T , Q t - 0 for t ) T . Similarly, given0 0 1 1
a ) 0, we can choose b ) 0 with the property that T , T as above exist2 0 1
 .  .for each 0 - b - b . Clearly, Q T s Q T s 0.2 0 1
w xUsing the same idea as in 1 , we consider the truncated functional
1 a b Up q pÄ < < < < < <I u [ =u y k x u y c u h x u , .  .  .  .H H HU
N N Np q pR R R
 . 5 5. q w x `where c u s t u and t : R ª 0, 1 is a nonincreasing C function
 .  .such that t t s 1 if t F T and t t s 0 if t G T . Thus we get0 1
Ä Ä 5 5I u G Q u , 18 .  .  .
where
1 Up q pÄQ t [ t y ac t y bc t c t . .  .11 12p
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Ä 1 Ä .It is clear that I g C X, R and I is bounded from below. Moreover, by
 .18 and Proposition 3, we have
Ä Ä .  . 5 5  .  .PROPOSITION 5. 1 If I u - 0, then u - T and I u s I u .0
 .   4.2 ;b ) 0 there exists a ) 0 a s min a , a such that if 0 - a0 0 1 2
Ä  .- a and c - 0, then I satisfies PS .0 c
 .   4.3 ;a ) 0 there exists b ) 0 b s min b , b such that if 0 - b0 0 1 2
Ä  .- b and c - 0, then I satisfies PS .0 c
ÄX Ä  .  . 4Remark 1. Denote K [ u g X ; I u s 0, I u s c . If a , b are as inc
 .  .  .  .2 or 3 above, then it follows from PS that K c - 0 is compact.c c
Äa Ä  . 4  .Denote I [ u g X ; I u F a . Suppose that k x ) 0 on some open
N Ä«k .subset V ; R . Then ;k g N'« - 0 such that g I G k. Indeed, de-k
1, p . ` . 5 5note by D V the closure of C V with respect to the norm u s0 0
 p41r p 1, p .H N =u N . Extending functions in D V by 0 outside V we canV 0
1, p .  1, p N ..assume that D V ; X recall X s D R . Let X be a k-dimen-0 k
1, p .sional subspace of D V . It is clear that there exists a constant d ) 00 k
such that
< < qk x ¨ G d .H k
V
5 5for all ¨ g X with ¨ s 1. If u g X , u / 0, we write u s r ¨ withk k k
5 5 5 5¨ s 1 and r s u . Thus, for 0 - r - T , we havek k 0
1 a b Up q pÄ < < < < < <I u s I u s =u y k x u y h x u .  .  .  .H H HUp q pV V V
1 a Up q p5 5 < < 5 5F u y k x u q bc u .H 12p q V
1 a d Ukp q pF r y r q bc r [ « ;k k 12 k kp q
Ä .  .therefore we can choose r g 0, T so small that I u F « - 0. Letk 0 k
1, p Ä«k  . 5 5 4S s u g D V ; u s r , then S l X ; I . Hence, by Propositionr 0 k r kk kÄ«k .  .   . 44, g I G g S l X s k. Thus, if we denote T [ A g E ; g A G kr k kk
and
Äc [ inf sup I u , 19 .  .k
AgGk ugA
then
y` - c F « ) 0, k g N 20 .k k
Ä«k Äbecause I g G and I is bounded from below.k
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 .  .PROPOSITION 6. Let a , b be as in 2 or 3 of Proposition 5 and let
 . N   ..k x ) 0 on an open subset of R . Then all c gi¨ en by 19 are criticalk
Ä¨alues of I and c ª 0.k
 .Proof. It is clear that c F c . By 20 , c - 0. Hence c ª c F 0.k kq1 k k
 . Moreover, since PS is satisfied, it follows from a standard argument cf.c
Äw x w x.1, Lemma 4.4 or 16, Proposition 9.29 that all c are critical values of I.k
We claim that c s 0. If c - 0, then by Remark 1 K is compact andc
 .K g E. It follows from 58 of Proposition 4 that g K s m - q` andc c
there exists d ) 0 such that
g K s g N K s m. .  . .c d c
 w x. By the deformation lemma cf. 16, Theorem A.4 there exist « ) 0 c q «
.- 0 and an odd homeomorphism h : X ª X such that
cq« cy«Ä Äh I _ N K ; I . 21 . . .d c
Since c p c, 'k g N such that c ) c y « and c F c. There existsk k kqm
Ä .A g G such that sup I u - c q « , i.e.,kqm ug A
cq«ÄA ; I . 22 .
It follows from 18, 28 and 38 of Proposition 4 that
g A _ N K G g A y g N K G k , g h A _ N K G k ; . .  .  . . .  . .d c d c d c
 .therefore h A _ N K g G . Consequently, .d c k
Äsup I u G c ) c y « . 23 .  .k
  ..ugh A_N Kd c
 .  .On the other hand, by 21 and 22 ,
cq« cy«Ä Äh A _ N K ; h I _ N K ; I .  . .  .d c d c
 .which contradicts 23 . Hence c ª 0.k
Ä Ä .  .  .  .By 1 of Proposition 5, I u s I u if I u - 0. This and Proposition 6
give the following result:
 .  .THEOREM 1. Let I u be defined as in 2 . Assume that 1 - q - p and
 . Nk x ) 0 on an open subset of R .
 .i ;b ) 0 there exists a ) 0 such that if 0 - a - a , then equation0 0
 .  4  .  .1 has a sequence of solutions ¨ with I ¨ - 0 and I ¨ ª 0 as k ª `;k k k
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 .ii ;a ) 0 there exists b ) 0 such that if 0 - b - b , then equation0 0
 .  4  .  .1 has a sequence of solutions ¨ with I ¨ - 0 and I ¨ ª 0 as k ª `.k k k
 .  .  .In the following we will discuss equation 1 for k x and h x satisfying
some symmetry conditions. First of all, let us introduce some notation.
 . NLet O N be the group of orthogonal linear transformations in R and
 .let G ; O N be a subgroup. For x / 0 we denote the cardinality of
 4 NG [ gx; g g G by N G N and set N G N[ inf N G N .x x x g R , x / 0 x
N  .  .We say that a function f : R ª R is G-invariant if f g x s f x for all
g g G and x g RN.
1, p N . 1, p N .We denote X [ D R the subspace of D R consisting of allG G
U 1, p N .UG-invariant functions and X [ D R its dual space.G G
 .Now we consider equation 1 on X , i.e.,G
< < qy2 < < p
Uy2 NyD u s a k x u u q b h x u u , x g R .  .p 24 . u g X ,G
U  .  .where 1 - p - N, 1 - q - p , k x and h x are G-invariant functions
 .  N . ` N .  . s N . U  U .such that h x gC R lL R and k x gL R with ssp r p yq .
 .  .Let u g X ; we use the same notation I u given by 2 for the functionalG
 .associated with equation 24 . As in Proposition 1, I is well defined and
has a continuous derivative I X : X ª X U given byG G
X < < py2 < < qy2 :I u , ¨ s =u =u ? =u y a k x u u¨ .  .H H
N NR R
< < p
Uy2y b h x u u¨ . .H
NR
 .  .Then any critical point of I is a weak solution of equation 1 by the
following principle of symmetric criticality:
X . U X . UPROPOSITION 7. If I u s 0 in X , then I u s 0 in X .G
w xThis is a special case of Theorem 1.28 in 19 .
 .  .  .PROPOSITION 8. If 1 - q - p, N G Ns `, h 0 s h ` s 0, then PS c
holds in X for all c g R.G
 4  .Proof. Let u be a sequence in X such that I u ª c with c g Rn G n
X . U  4and I u ª 0 in X . As in Proposition 3 we see u is bounded. Theren G n
 .  .  .exist measures m and n such that a , b , and c of Proposition 2 hold.
We claim that concentration of n cannot occur at any x / 0. For if x / 0k
 .is a singular point of n , then n s n x ) 0 and by G-invariance of n ,k k
 .  .n gx s n ) 0 for all g g G. Since N G Ns `, the sum in b of Proposi-k k
 .  .tion 2 is infinite. Hence n s 0. It follows from 9 and h 0 s 0 thatk
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 .n s 0 where n corresponds to x s 0 . So the concentration of n cannot0 0
occur at 0. Next we prove that the concentration cannot occur at infinity.
 .  .Let m and n be as in 10 and 11 . Given « ) 0, by the definition of` `
 .  .h ` we can find R « such that0
U Up p< < < <h x u F « u .H Hn n
< < < <x )R x )R
 .for all R ) R « ; therefore0
Up< <lim lim h x u s 0. .H n
Rª` < <x )Rnª`
 .  .  .Using 12 it follows by the same argument as in 13 , 14 that
Sn pr p
U
F m s 0;` `
pU  N .this implies that n s m s 0. Hence u ª u in L R and the argu-` ` n G
ment at the end of the proof of Proposition 3 shows that u ª u in X .k G
 . N  .  .Remark 2. Suppose that h x ) 0 a.e. in R , h 0 s h ` s 0 and
 4  . X .N G Ns `. Let u be a sequence such that I u ª c and I u ª 0. Ifn n n
U 5 5  .p - q - p and b ) 0, then for n large enough, c q 1 q u G I u yn n
 X . :  .5 5 p  4I u , u rq G 1rp y 1rq u which gives the boundedness of u .n n n n
Consequently, the conclusion of Proposition 8 remains true in this case.
 . N  .Assume that k x ) 0 on an open subset V ; R . Since k x is
1, p .G-invariant, V is G-invariant, i.e., gV s V for every g g G. Let D V0, G
1, p .be the subspace of D V consisting of all G-invariant functions. By0
1, p . 1, p .extending functions in D V by 0 outside V we see that D V ; X .0, G 0, G G
Consequently, by Proposition 8 and the same methods used in the proof of
Theorem 1, we have
 . NTHEOREM 2. Let k, h be G-in¨ariant, k x ) 0 on an open subset of R ,
 .  .1 - q - p, N G Ns ` and h 0 s h ` s 0. Then for e¨ery a ) 0 and b g R,
 .  4  .equation 1 has a sequence of solutions ¨ such that I ¨ - 0 andk k
 .I ¨ ª 0 as k ª `.k
Moreover, from Proposition 8 and Remark 2 we can obtain existence of
 .infinitely many solutions of equation 1 with positive energy:
 . N  .THEOREM 3. Let k, h be G-in¨ariant, h x ) 0 a.e. in R and h 0 s
 .  U .h ` s 0. If p, q g 1, p , p / q and N G Ns `, then for e¨ery b ) 0,
 .  4  .a g R, equation 1 has a sequence of solutions u such that I u ª ` asn n
k ª `.
Since X is a separable Banach space, there is a linearly independentG
 4sequence e such thatj
`X s [ X ,G js1 j
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 w x.where X [ R e see, e.g., 4, p. 44 . Denote Y [ [ X and Zj j k jF k j k
[ [ X .jG k j
In order to prove Theorem 3 we will use the following result which can
w xbe found in 19, Theorem 3.6 :
1 .PROPOSITION 9. Let w g C X , R be an e¨en functional satisfyingG
 .PS for e¨ery c ) 0. If for e¨ery k g N there exist r ) r ) 0 such thatc k k
B a [ max w u F 0, .  .1 k
ugYk
5 5u srk
B b [ inf w u ª ` as k ª `, .  .2 k
ugZk
5 5u srk
then w has a sequence of critical ¨alues tending to `.
 .Proof of Theorem 3. It is clear that the functional I associated with 24
1 .is even and I g C X , R . By Proposition 8 and Remark 2, I satisfiesG
 .PS for every c g R.c
Since Y is a finite dimensional subspace of X for each k g N andk G
 . Nh x ) 0 a.e. in R , it follows that there exists a constant « ) 0 such thatk
< < p
U
h x ¨ G « .H k
NR
5 5for all ¨ g Y with ¨ s 1. If u g Y , u / 0, we write u s r ¨ , withk k k
5 5 5 5r s u and ¨ s 1, and obtaink
1 a b Up q p< < < < < <I u s =u y k x u y h x u .  .  .H H HU
N N Np q pR R R
1 b« Ukp q p< <F r q a c r y r F 0k 11 k kUp p
 .for r sufficiently large. This proves B of Proposition 9.k 1
Define
1rpU
Up
U< <h x u . 1rpH / UNR p< <g [ sup s sup h x u .Hk  /N5 5u RugZ ugZk k
u/0 5 5u s1
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and
1rq
q< <k x u . 1rqH /NR q< <u [ sup s sup k x u . .Hk  /N5 5u RugZ ugZk k
u/0 5 5u s1
Under the assumptions of this theorem we will see that
l ª 0 and u ª 0 as k ª `. 25 .k k
In fact, it is clear that 0 F l F l , so that l ª l G 0. Then for everykq1 k k 0
5 5   . pU .1r pUNk G 1 there exists u g Z such that u s 1 and H h x N u Nk k k R k
) l r2. Since u © 0, there exist measures m and n such that relations0 k
 .  .  .a , b and c of Proposition 2 hold. By the assumption that N G Ns ` and
the arguments of Propositions 3 and 8, a concentration of the measure n
pU  .can only occur at 0 and `. Hence u ª 0 in L r -N x N- R for eachk
 .  .0 - r - R. Since also h 0 s h ` s 0, ;« ) 0 we can choose r and R so
  . pU .1r pU   . pU .1r pUthat H h x N u N - «r3 and H h x N u N - «r3.< x < - r k < x < ) R k
  . pU .1r pUNIt follows that H h x N u N ª 0; hence l s 0 and l ª 0.R k 0 k
 .NSince u © 0, by the weak continuity of the functional u ¬ H N k x Nk R
q  .N u N cf. Proposition 1 we get u ª 0.k
 .In order to prove B we distinguish two cases.2
In the case p ) q, there exists R ) 0 such that
< <a c 111 q p5 5 5 5u F u
q 2 p
5 5for u G R. Then, for u g Z , we havek
< < p
U
1 a c bl U11 kp q p5 5 5 5 5 5I u G u y u y u . Up q p
1 bl p
U
Ukp p5 5 5 5G u y u .U2 p p
 pU U .1r pypU .  .Choosing r [ 4 pbl rp and using 25 , we get r ª ` ask k k
 .k ª ` and B .2
 .1r pUyp .  .1rqyp.4In the case p - q, we take r s min «rl , «ru ,k k k
 U .  .where « is a constant with N a Nrq q brp « - 1r 2 p . It follows from
 . 5 5  .25 that r ª ` as k ª `. Let u g Z and u s r ; then B followsk k k 2
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from
< <1 a u bl 1Uk kp q p pI u G r y r y r G r . . k k k kUp q p 2 p
Since we can choose r ) r , it follows from Proposition 9 that thek k
conclusion of Theorem 3 holds.
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